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Introduction

Motivation

Measuring voltages is of great importance for many di↵erent practical applications: Not only directly in electrody-

namics, but also indirectly, for example when measuring temperatures, or even when quantisizing visual input via

the photo e↵ect. As they play such an important role, one must be able to measure voltages with great accuracy.

There are di↵erent approaches to this: Today, for the most applications, measurements of voltage are kept accurate

by incorporating extremely high resistances into the voltmeters, and thus minimizing the error generated by the

device itself. Similarly, to make a high accuracy measurement of current, most of the time it is su�cient to use

an ampere-meter with extremely low resistance. In edge cases though, these workarounds are bound to fail due to

their conceptual systematic errors, as we will see later. In these cases it is neccessary to employ di↵erent methods of

measuring the sought-after values. These possibilities, mainly the compensation approach, will be discussed here.

Underlying physics

A voltage source can be considered ideal when its basic level of voltage, the source voltage Uq, is equal to the real

voltage output U , regardless of the current I induced by the source. In reality however, every voltage source has

itself an inherent inner resistance RiS , which causes a di↵erence in the ideal source voltage, and the real voltage of

the voltage source, according to Ohm’s Law. This is described by:

U = Uq �RiI (1)

From this equasion for the voltage of real voltage sources we can see that if we put a load on such a source by say,

adding another resistance RL into the circuit, the resulting current will be:

I =
Uq

RiS +RL
(2)

To get the voltage which drops over the load, we multiply the equasion with the resisance of the load, which yields:

UL = RLI = Uq
RL

RiS +RL
(3)

As mentioned in the introduction, for most applications it is a su�cient approximation to disregard the internal

resistance of the source, but only if it is su�ciently small in comparison to the resistance of the load applied.

For our measurements we are going to use a coil-based ampere-meter. It utilizes the Lorentz-force to indicate

the strength and direction of the current running through it: By having a coil inside, which, when electric charges

flow through, it is able to interact with a permanent magnet placed next to it. A torque is generated, which is

proportional to the current flowing through. The coil can be held back in its rotationg motion by springs, which will

cause the deviation from its resting position to be proportional to the torque acting on the coil and, consequentially,

to the current in the wire. By adding an indicator to the coil, and taring the scale accordingly, we are then able

to read out the strength of the current. Devices for measuring currents always need to be wired in series, so the

whole current which needs to be measured flows through the device. Exceptions from this rule occur when the

measurement range of such a device is to be extended, or it is to be used as a volt-meter, which we will discuss

later. One thing to keep in mind is that a real ampere-meter always is itself a load on the circuit, as it also has

an internal resistance RiA. While without the device, the current flows according to (2), the device will add to the

total resistance, so that the current now follows the law:

I =
Uq

RiS +RL +RiA
(4)

From this equasion we can see that, as mentioned, in order to distort the result as little as possible, the resistance

of the device RiA has to be minimized, or at least be small in comparison to the sum of the remaining resistances.

Interestingly, if used correctly, an ampere-meter can also serve as a device for measuring voltages. This can

be done by employing Ohm’s Law: If the exact resistance RiV of the device is known, and the current I flowing

through it measured, the voltage U can be easily derived from the law:

U = RiV I (5)
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Devices for measuring voltages are always wired in parallel to the di↵erence in voltage they are to measure. This

is due to Kirchho↵’s second law: When connected in parallel, the voltage will be equal in both the circuit and the

measuring device. Integrating a volt-meter into a circuit this way will again change its actual voltage. From (3) we

can derive the relevant equasion by applying the formular for resistors wired in parallel. This leads to:

U = Uq
RL

RiSRL
RiV

+RiS +RL
(6)

It becomes clear that to minimize the systematic distortion of the measurement, we need to minimize the term
RiSRL
RiV

, which can be done by maximizing the resistance of the volt-meter RiV . Because of this, a high internal

resistance is desirable for this type of volt-meter.

While this solution of the systematic problem can be su�cient in most cases, it sometimes is neccessary com-

pletely work around this error. For this, the compensation approach can be used: A second voltage source with a

well known voltage is connected to the circuit in which the voltage is to be measured. An ampere-meter is then

used to determine how much current is flowing between the two systems, and in which direction. A potentiometer,

which is integrated into the compensator-circuit, is then used to modulate the voltage of the compensator until the

voltage di↵erences between the two systems even out, which can be seen by the current reading on the ampere-meter

dropping to zero. To protect the very sensitive ampere-meter from excessive current running through it, a great

resistance is wired in front of it, which can only be short-circuited with a manual button.

Sometimes it is neccessary to increase the voltage measuring range of an ampere-meter, as described above, to

higher values. To achieve this, the current flowing through the ampere-meter must be split up, in order not to

exceed the scale of the instrument. To scale up the maximum measuring range I0 of the device by the factor f ,
a resistance Rp is thus wired in parallel to the ampere-meter, so that (f � 1)I0 is redirected over the additional

resistance, leaving the ampere-meter with its maximum value of I0. To calculate the value Rp we need, we use

Kirchho↵’s second Law, which demands for the voltages over the two resistances in the parallel part of the circuit

URi and URp:

URi = URp ) RiI0 = Rp(f � 1)I0 ) Rp =
Ri

(f � 1)
(7)

Which in conclusion means that to extend our measuring range of our instrument with the inner resistance of Ri

by the factor f , we need to parallely wire in a resistance Rp = Ri(f � 1). A similar procedure can be employed to

extend the range of the instrument when used to measure voltages - The resistance is then added in series to the

ampere-meter. From Kirchho↵’s first Law we can deduce:

IRi = IRp ) U0

Ri
=

(f � 1)U0

Rp
) Rp = Ri(f � 1) (8)

Which lets us extend our measuring range by f by adding the resistance Rp = Ri(f � 1).

Setup

For our measurements we are using a regular coil-ampere-meter with a measuring range of 10mA. Additionally, we

employ a compensator which is fed by a constant reference voltage of 6V , and tared using a voltage of 2, 5V , both

from the same high accuracy voltage source. Our main voltage source is a 4, 5V battery, which, in our case was found

to operate at around 4, 75V . To introduce resistance for di↵erent purposes we use two equal Ohm-resistor-blocks,

one decimal resistor operating in steps of 0, 1⌦ up to 111⌦, and one sliding resistor.
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Measurements

For taring the compensator, we set the taring-pin to zero out the taring voltage of 2, 5V as the potentiometer is set

to 500Skt, which gives us a measuring range up to 5V , which corresponds to 1000Skt, 1Skt mapping to 0, 005V .

The error of the taring voltage is given to be about 0, 02%, which is regarded as neglectible. The linearity error of

the compensator is given to be 0, 25%, which propagates into all voltages measured. We then set up a voltage divider

by wiring the two Ohm-resistor blocks in series, and powering the circuit with the battery. We extend the measuring

range of the ampere-meter to 5V by adding the decimal-resistor set to 102, 8⌦ (see (8)), the ampere-meter itself has

a given resistance of 397⌦. The voltage is then measured via the current through the ampere-meter-circuit once

wired parallel to both resistors, which gives us a reading of 9, 5mA, and once parallel to either one of the resistors,

which gives us a reading of 2, 6mA.
We repeat this procedure with the compensator, which gives us readings of 951Skt for both of the resistors, and

473Skt for any of the single resistors.

Lastly, we extended the measuring range of the ampere-meter to 200mA by setting the decimal-resistor to

20, 9⌦. We set up the voltage divider again, but this time we add the Taster and the slide-resistor into the series of

the battery, the Ohm-block-resistors and the ampere-meter. Finally, we wire um the compensator parallel to the

battery. We now vary the current by sliding the slide-resistor. We note down both the current readings from the

ampere-meter, as well as the voltage readings from the compensator, yielding us data about the correlation of the

voltage of the circuit in relation to the current flowing through.

Evaluation

Voltage drop in the voltage divider

The voltage divider constructed by connecting the two Ohm-resistors in series and measuring the voltage drop over

one and two of the resistors is exspected to give out a voltage equivalent to the battery voltage when measured

over both resistors, and one equivalent to half of that when measured over one resistor. This is due to the behavior

of serial resistors: Their resistances simply add up if they are wired in serially. The total e↵ective voltage of the

battery has to be equal to the negative voltage drop in the circuit, according to Kirchho↵’ second Law. This means

that if we measure over both of them, the absolute value of the voltage we expect is equal to the e↵ective voltage

of the battery. Because the two resistors have an equal resistance in our case, when measuring over either one of

them, we expect the voltage to be half of the total voltage.

This holds true when using the compensator for the measurements. To calculate the error of this measurement,

we quadratically add together the linearity error of the compensator, as well es the uncertainty of one digit. For

the measurement on both resistors, we get a reading of (951, 00 ± 2, 58)Skt, while for any single one of them, we

get (473± 1, 55)Skt. As we mentioned, in our configuration, 1Skt scales to 0, 005V of voltage on the probing end.

From this we can calculate the voltages to be (4, 7550± 0, 0129)V for both transistors, and (2, 3650± 0, 0077)V
for a single one, when regarding the error mentioned above. Ideally, from the measurement over both resistors, we

would expect the value for one transistor to be exactly half that, namely 2, 3775V . The actually measured value of

2, 3650V deviates by only 0, 0125V , which can very well be attributed to statistical error, as it only corresponds to

about 0, 5% of relative deviation. Another thing to note is that the total voltage of the battery deviates by 0, 255V
from the 4, 5V claimed by the manufacturer, which makes up as much as 5, 0% of deviation, which can no more be

attributed to statistical error of our measurement.

When measuring the voltages with the ampere-meter as described above though, our expectations are not

matched: For both of the resistors we get a reading of 9, 5mA, this can be translated into voltage by multiplying

it by the added resistance of the ampere-meter and the decimal resistance wired in series to it, amounting to

397⌦ + 102, 8⌦ = 499, 8⌦. This yields a voltage value of 4, 7481V for both resistors, and, with a current reading

of 2, 6mA, for one of the transistors about 1, 2995V . This is remarkable, since in this case, we get a deviation of

about 1, 0746V from the expected halving, which corresponds to 45, 3%. This value, which is almost only half as

much as we would have expected, cannot be neglected.

When comparing our measurements for the total battery voltages made with the compensator and the ampere-

meter, 4, 7550V and 4, 7481V , we look at a deviation of 0, 0069V , not even 0, 2% of relative deviation from the

compensator measurement. The two results are thus very compatible, as this deviation lies in the error interval

caused by the compensators linearity error. This gives us great confidence regarding their accuracy, since the two

methods of measurement are fundamentally independent of each other, and yield such similar results. A comparison

of the two values for one resistor does not make sense, since there seems to be a significant systematic error in the

measurement with the ampere-meter, which would need to be accounted for first.
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This systematical error can be traced back to the fact that the connection of a parallel circuit, as it is used with

the ampere-meter, alters the e↵ective resistance of its part of the circuit, thus drastically changing the voltage drop

measured over it. When Rw is the resistance of the Ohm-resistor block, and Ra is the sum of the resistances of the

ampere-meter and the decimal resistor, their combined resistance Rges follows the rule:

Rges =

✓
1

Rw
+

1

Ra

◆�1

(9)

On one hand this prevents us from making an accurate measurement of the voltage drop, on the other hand it

allows us to calculate the resistance of the Ohm-resistor blocks: First, we make use of the rule for voltage dividers,

where URw is the voltage drop over the selected resistor, U is the real voltage of the voltage source, and Rges is

now the resistance of the whole circuit:

URw

U0
=

⇣
1

Rw
+

1
Ra

⌘�1

Rges
=

Ra +Rw

Rges(Ra +Rw)
(10)

And we know from serial addition of resistances, and (11):

Rges = Rw +

✓
1

Rw
+

1

Ra

◆�1

= Rw

✓
1 +

Ra

Rw +Ra

◆
(11)

Combining these equasion, we easily get:

URw

U0
=

Ra

2Ra +Rw
=) Rw = Ra

✓
U0

URw
� 2

◆
(12)

Using this formular, and our measurement over one resistor with the ampere-meter at 1, 2995V , we calculate the

resistance of the Ohm-block-resistors to be about 827, 2⌦.

Determining the inner resistance of the battery

If we take accurate measurements of the batteries voltage with the compensator while varying the current in the

circuit using the slide resistance, and measuring its value with the ampere-meter, we are able to mark the linear

correlation of the voltage in the circuit to the current. The coe�cient in this function will be the resistance we are

looking for, as we can see by looking at (1): The real voltage measured, if plotted against the current in the circuit,

will have a slope of �Ri, which is the exact value we are looking for.

To process our instrument readings into the data needed, we do the same calculation as before in case of the

compensator. In the case of the ampere-meter, we have to take into account its increased measuring range: We

increased it by a factor of twenty, as described above, thus we have to multiply each reading with that factor,

yielding us the actual current in the circuit. For the vertical errors of the voltage we use the same principle of

quadratic addition of the linearity error, and the uncertainty of the reading as above.

From plotting this data in diagram 1), we get a negative slope of the voltage, which, as described, is equal to

the inner resistance of the battery. These error bars, allow us to fit a linear curve through the intervals generated

by our data, which is sadly heavily influenced by the relative great deviation of the second to last value in positive

current direction. This leads us to a negative slope of ��0,236V
155mA ⇡ 1, 52⌦. We graphically estimate its error by

fitting two curves into the diagram that have a maximum deviation from the best fit, but still fit into all the error

intervals. We then take the di↵erences to our resistance value, and choose the bigger one as the error, in order not

to underestimate. This way, we get the final result of Ri = (1, 52± 0, 07)⌦.

Source voltage of the battery

In order to calculate the source voltage of the battery, we need to extrapolate the point from its current-voltage

curve in diagram 1) at which the current value is zero. We will calculate this point based on the slope we got

graphically, and the height of one point on the graph. For this purpose we can arbitrarily select one. We can now

calculate the source voltage Uq by using (1):

UI = Uq � IRi () Uq = UI + IRi (13)
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We will choose a point from the curve, and estimate its graphical-read-out error to be one box in each direction, so

that UI = (4, 58± 0, 001)V and I = (88± 1)mA, while Ri has just been calculated to be (1, 52± 0, 07)⌦. We now

calculate the error:

�Uq =

s✓
@Uq

@UI
�UI

◆2

+

✓
@Uq

@I
�I

◆2

+

✓
@Uq

@Ri
�Ri

◆2

(14)

=

q
(�UI)

2
+ (Ri�I)2 + (I�Ri)

2
(15)

Which then yields: Uq = (4, 7138± 0, 0064)V
If we compare this result with our measurements of the real voltage with the compensator and the ampere-meter,

we get upward deviations of 0, 0612V and 0, 0343V , or 1, 3% and 0, 7% respectively. This is remarkable, it would

be expected for the source voltage to be higher than the real voltage. This is because if a resistance is added to a

circuit in series, as it is the case with the internal resistance of the battery in our model, the voltage should drop.

Maximizing the power output of the battery

Depending on the resistance Rl of the load applied to the battery, the power output P of the battery changes. This

is described by:

P = U(I)I
(1)
= (Uq �RiI)I

(3)
= (Uq �Ri

Uq

Ri +Rl
)

Uq

Ri +Rl
=

U2
q

Ri +Rl
�Ri

✓
Uq

Ri +Rl

◆2

(16)

Now we take the derivative:

dP

dRl
= 2Ri

✓
Uq

Ri +Rl

◆✓
Uq

R2
l

◆
�

U2
q

R2
l

(17)

Which we want to equal zero:

0 = 2Ri

✓
Uq

Ri +Rl

◆✓
Uq

R2
l

◆
�

U2
q

R2
l

() 1

R2
l

= 2Ri

✓
1

Ri +Rl

◆✓
1

R2
l

◆
() 1 = (

2Ri

Ri +Rl
) () Ri = Rl (18)

Which tells us that that the power is maximized when the resistance of the load is equal to the internal resistance

of the battery.

Discussion

Summary

We were able to determine the source voltage and the inner resistance of the battery, as well as the resistance of the

two Ohm-resistor-blocks. We did so using two di↵erent measuring devices, the ampere-meter and the compensator,

for the first of which we extended the measuring ranges by adding additional resistances in di↵erent ways, depending

on the measurement. When it comes to measuring voltages, the compensator prooves to be superior in terms of

accuracy, and in the evasion of certain systematic errors.

Discussion

First, we will be comparing the two di↵erent methods employed to measure voltages. The compensator and the

ampere-meter gave really similar results if used to measure over both of the resistors, with a deviation of only

0, 2%. But the ampere-meter did not match the expectations when measuring only one of the resistors - It’s reading

deviates by 45, 3% from the value we would expect initially when applying Kirchho↵’s mesh law. This might seem

like a violation at first, but this is only due to the fact that we disregarded the additional resistances added to the

circuit.

This can be attributed to the way the measurement of voltages works with the ampere meter: Because we add

a new resistance to the circuit which is wired in parallel to one of the resistors we want to measure, we change

the way the voltage and current behave (see (11)). When using the compensator, we eliminate this problem by

not allowing the current to flow in the first place, thus negating any possible deviations by additional resistances.

Because of this, a compensator seems to be more suited for these kinds of measurements.
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There are small drawbacks though: The accuracy of the compensator depends on the accuracy of its initial

taring, which changes how its reading scales with the measured voltage. But most importantly, for the whole time

the measurement is conducted, the reference-voltage fed into the compensator needs to be constant and accurate,

otherwise the result is subject to errors too. While a change in the reference voltage would only mean a deviation

from the actual value by a constant, an error in the callibration of the taring potentiometer would mean a linear

error, which scales up with the values measured.

This problem was experienced first hand in our attempts to measure the voltage of the battery: After a very

unsatisfying callibration a measurement was performed anyway, yielding a value of about 4, 9V . As this reading did

not in any way conform with the manufacturers claims, a recallibration of the compensator was performed, leading

to the more believable, but still extraordinary reading of 4, 7550V . This result was then regarded as accurate, and

used for further calculations.

Another problem appeared when evaluating the measurements made to determine the source voltage and the

inner resistance of the battery. While we expected to be able to easily extrapolate a linear curve, our error bars did

barely allow us to do so, for especially the second last point in positive current direction almost deviated farther

from the curve than any of their error bars would allow. This indicates that either there was a systematic error,

but only in one measurement, which would be rather improbable, or that the statistical errors might have been

underestimated: If larger intervals were chosen, it would have been possible to fit a curve more easily, along with

stronger, more deviant error curves.

Criticism

When it comes to measuring the source voltage and the inner resistance of the battery, the problem of the error

intervalls can only be solved by estimating larger errors. In our case, possible error sources that were neglected could

have been the callibration of the compensator, or possible fluctuations of the reference voltage. But it would also

be possible to estimate errors in the horizontal direction of the current: The reading of the ampere-meter surely has

some uncertainty to it, which of course scales with the factor by which the measuring range was increased. When

adding these uncertainties to the estimation, it should be possible to achieve a better fit, as well as some bigger

error value of the result.

It would generally have been a good improvement to have multiple measurements after a couple of recallibrations

or re-setups, so that some kind of mean value, or mean deviation can be calculated.

It would also have been possible to estimate the error of the ampere-meter reading by, for example, setting up

a circuit which uses the very accurate and constant taring voltage of 2, 5V , or the reference voltage of 6, 0V . Then

some number of measurements could be taken with the ampere-meter set up as a voltage measuring device, and

the deviation of the readings compared to the expected values, which can easily be calculated, depending on how

the circuit is set up. This would allow a better estimation of the statistical errors, and enable us to account for

potential systematical errors.

Diagram
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